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Introduction
The classical Dirac operator D on a Lie group G with a Lie algebra g can be seen as a purely
algebraic object living in the noncommutative Weyl algebra U(g)⊗cl(g), see [12]. It is a self adjoint
element and D2 is a sum of Casimir elements in U(g) ⊗ cl(g). Furthermore, D is equivariant in
the sense that there exists a Lie algebra homomorphism g → U(g)⊗ cl(g) and D commutes with
its image.
The algebra U(g)⊗ cl(g) acts on the Hilbert space L2(G)⊗Σ, where Σ is an irreducible cl(g)-
module making D an unbounded Fredholm operator with infinitely many positive and negative
eigenvalues. The Dirac operator has an important role in index theory and K-homology. In the
case of compact group G the Dirac operator is a fundamental object in the spectral geometry: the
spectral triple (C∞(G), D, L2(G) ⊗ Σ) defines an alternative operator theoretic approach to the
Riemannian geometry.
The first attempt to define a Dirac type operator in deformed settings, more precisely for
SUq(2), was made in [1]. This approach provides a deformation of the Dirac operator so that
its algebraic properties survive. Especially it defines an equivariant system. As a Hilbert space
operator it is unbounded with infinite number of positive and negative eigenvalues and therefore
provides an interesting application in the index theory. However, the spectrum of this operator
grows exponentially and therefore it cannot be applied in a spectral triple. A generalization of this
approach was done in [11] where the construction was given for any quantum group based on a
simple Lie algebra.
An isospectral deformation of the spectral triple on SUq(2) was done in [6], [2]. In this approach
one defines a natural Hilbert space for the Dirac operator and decomposes it into irreducible
components for the action of the symmetry algebra Uq(su2). Then the Dirac operator is given
a constant action on each component. In order to make the operator satisfy the properties of a
spectral triple its spectrum is chosen to match with the spectrum of a classical Dirac operator.
Such a system is automatically equivariant. In the approach [2] this type of an operator was defined
on L2(Gq) which is a Hilbert space completion of the algebra of polynomial functions on SUq(2).
This is not really a deformation because the classical Dirac operator does not act on the space of
L2 functions, however, the operator fits into a definition of a spectral triple and therefore provides
a well defined noncommutative space. In [6] similar operator was constructed on a Hilbert space
L2(Gq)⊗C2 which notices the spinor module C2. Again this leads to a well defined spectral triple.
The relationship between these two approaches was found in [3].
In [21] an equivariant Dirac opeator was defined for any quantum group deformation of a simple,
compact and simply connected Lie group which satisfies the axioms of a spectral triple. The model
is based on conjugating the classical Dirac operator with a unitary twist F . It is known that
the construction is independent of any choices, such as a twist, up to unitary equivalence of the
spectral triples, [22]. As C∗-algebras, the quantum groups are KK-equivalent with their classical
limit [19]. The K-homology cycles defined by [21] corresponds to the fundamental K-homology
cycle defined by the classical Dirac operator under this equivalence [22].
Here we give a short review of the Dirac operators in the approaches [11] and [21]. We construct
several examples of these Dirac operators and use those to build Fredholm modules and spectral
triples. We consider the case SUq(2) with details and find how the Dirac operator in the algebraic
approach [11, 1] and in the geometric approach [21] are related. Furthermore, we see that the
isospectral deformation of [6] is essentially the same as the spectral triple of [21] applied in the
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case SUq(2). We shall use the details of SUq(2) to create a spectral triple for the quantum group
Uq(2) and study its properties. We study the quantum sphere S
2
q which is by definition a fixed
point algebra SUq(2)
U(1). It follows that the algebraic approach [11] leads to a well defined 0-
summable spectral triple. This model was found earlier in a case study [7]. We also describe how
to construct the operator in the algebraic approach and write down formulas in the case SUq(3).
1 Quantum Group Preliminaries
1.1. Denote by G a simple, simply connected and compact Lie group and g its Lie algebra.
Consider a fixed maximal torus and let h ⊂ g be a Cartan subalgebra and {αi : 1 ≤ i ≤ n} a set
of simple roots. Let (aij) : 1 ≤ i ≤ n denote a Cartan matrix of g and {di : 1 ≤ i ≤ n} coprime
positive integers such that (diaij) is a symmetric matrix. P+ is the set of dominant integral weights
of G. (·, ·) denotes the Killing form if not otherwise specified.
Fix a finite dimensional irreducible unitary representation (Vλ, πλ) of g for each λ ∈ P+. Denote
byW ∗(G) the Hopf von Neumann ∗-algebra generated by the fixed representations of g, i.e.,W ∗(G)
is the l∞-direct sum of B(Vλ). Define ∗-algebra U(G) =
∏
λB(Vλ) of unbounded densely defined
operators affiliated withW ∗(G). The primitive coproduct ofW ∗(G) extends to a ∗-homomorphism
△ : U(G)→∏λ,ν B(Vλ ⊗ Vν) := U(G×G).
Let q ∈ (0, 1). Define an associative noncocommutative Hopf ∗-algebra Uq(g) which is the
polynomial algebra generated by ei, fi, ki, k
−1
i : 1 ≤ i ≤ n, subject to the relations
[ki, kj ] = 0, kik
−1
i = 1 kiejk
−1
i = q
aij/2
i ej, kifjk
−1
i = q
−aij/2
i fj,
[ei, fj] = δij
k2i − k−2i
qi − q−1i
, qi = q
di
and the q-Serre relations [10, 13]. We choose the Hopf ∗-structure
△q(ki) = ki ⊗ ki, △q(ei) = ei ⊗ ki + k−1i ⊗ ei, △q(fi) = fi ⊗ ki + k−1i ⊗ fi,
Sq(ei) = −qei, Sq(fi) = −q−1fi, Sq(ki) = k−1i ,
ǫq(ki) = 1, ǫq(ei) = ǫq(fi) = 0, e
∗
i = fi, f
∗
i = ei, k
∗
i = ki.
The equivalence classes of irreducible finite dimensional representation of Uq(g) are classified by
the integral dominant weights of g. A module of highest weight λ with a highest weight vector
|λ, λ〉 has the defining properties
πq,λ(ki)|λ, λ〉 = qλ(hi)/2i |λ, λ〉, πq,λ(fi)|λ, λ〉 = 0
for each i, where hi ∈ h so that αj(hi) = aij . The dimensions of each weight spaces of a represen-
tation of Uq(g) are the same as for the representation of g, [15, 24].
Let us fix an irreducible unitary representation (Vq,λ, πq,λ) of Uq(g) for each λ ∈ P+. Define
W ∗(Gq) the Hopf von Neumann ∗-algebra generated by the fixed representations of Uq(g) and define
∗-algebra U(Gq) =
∏
λB(Vλ,q) of unbounded densely defined operators affiliated with W
∗(Gq).
The comultiplication of W (Gq) extends to a ∗-homomorphism on △q : U(Gq) →
∏
λ,ν B(Vq,λ ⊗
Vq,ν) := U(Gq ×Gq). The ∗-algebra U(Gq) is thought as a completion of Uq(g).
The noncocommutativity of the coproduct is controlled by the R-matrix, R ∈ U(Gq × Gq) so
that
σ(△q(x)) = R△q(x)R−1
where σ is the flip automorphism.
For each λ ∈ P+ there is a ∗-algebra isomorphism φλ : B(Vλ,q) → B(Vλ) which identifies the
centers. We can apply these isomorphism to define a ∗-algebra isomorphism
φ :W ∗(Gq)→ W ∗(G)
which identifies the centers and extends to a ∗-isomorphism φ : U(Gq) → U(G). However, the
coproducts of U(G) and U(Gq) do not respect the isomorphism. It is proved in [21] that there exists
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a ∗-isomorphism φ :W ∗(Gq)→W ∗(G) identifying the centers and a unitary F ∈W ∗(G)⊗W ∗(G)
such that
(φ⊗ φ)△q(x) = F△(φ(x))F ∗, for all x ∈W ∗(Gq),
(ǫ⊗ id)F = (id⊗ ǫ)F = 1,
(φ⊗ φ)R = F21q−
∑
k xk⊗xkF ∗,
the associator Φ = (id⊗△)(F ∗)(1 ⊗ F ∗)(F ⊗ 1)(△⊗ 1)(F ) coincides with ΦKZ,
where {xk} is the basis of g fixed from the condition (xk, xl) = −δkl and the Drinfeld associator
ΦKZ is the associativity morphism of tensor products in the category of Lie algebra representations
which is determined by the monodromy of Knizhnik-Zamolodchikov equations. We shall assume
that F has these properties in the following. The twist is not unique.
1.2. Consider the dual Hopf algebra C[Gq] of Uq(g) which reduces to the Hopf algebra of
regular (or representative) functions on G for q → 1. As a vector space C[Gq] is spanned by the
matrix elements of the endomorphisms of irreducible finite dimensional module Vλ
C[Gq] =
⊕
λ∈P+
V ∗q,λ ⊗ Vq,λ.
Let us equip each module (Vq,λ, πq,λ) with an inner product and fix an orthonormal basis {|λ, ν〉 :
ν ∈ I} (I is an index set) for each Vq,λ. The algebra Uq(g) acts on a basis vector tλµ,ν = 〈λ, µ|⊗|λ, ν〉
of C[Gq] from the left by
∂(x)tλµ,ν = 〈λ, µ| ⊗ (πq,λ(x)|λ, ν〉)
for all x ∈ Uq(g). This extends to an action of W ∗(Gq) and U(Gq) on C[Gq]. The pairing
C[Gq]⊗ Uq(g)→ C is defined by
tλµν(x) = 〈λ, µ|(πq,λ(x)|λ, ν〉)
for all x ∈ Uq(g).
The space C[Gq] can be equipped with a multiplication fixed from the condition
(tλµ,νt
λ′
µ′,ν′)(x) := t
λ
µ,ν(x
′)tλ
′
µ′,ν′(x
′′),
see [18]. Furthermore, (C[Gq],△q, Sq, ǫq) is a dual Hopf algebra for Uq(g) equipped with
△q(tλµ,ν) :=
∑
κ
tλµ,κ ⊗ tλκ,ν, tλµ,ν(Sq(x)) := (Sq(tλµ,ν))(x), ǫq(tλµ,ν) := tλµ,ν(1),
for all x ∈ Uq(g). Thus, we use the same symbols for the antipode and counit for Uq(g) and C[Gq].
Using the identity 1 =
∑
µ |λ, µ〉〈λ, µ| we can write the left action in the form
∂(x)tλµν = ((t
λ
µν)
′′(x))(tλµν )
′.
1.3. The Haar state h : C[Gq] → C of the algebra C[Gq] is a positive (h(t∗t) > 0) and left
invariant functional, i.e. for all t ∈ C[Gq]
(h⊗ id)△q(t) = h(t).
We shall assume the normalization h(1) = 1. The Haar state is faithful and therefore we can set
an inner product
〈t, s〉 = h(t∗s)
The Hilbert space L2(Gq) is the completion of C[Gq] with respect to the inner product. The GNS
construction defines a faithful ∗-representation C[Gq]→ B(L2(Gq)).
3
2 Dirac Operators
We have a construction of a Hilbert space L2(Gq) and a faithful representation of the regular
functions C[Gq] on L
2(Gq). This system is equipped with a symmetry algebra Uq(g) which has a
representation by unbouded densely defined operators on L2(Gq). In the following we describe two
general methods how to equip this theory with an equivariant self adjoint operator which are q-
deformations of Dirac operators. We give a more detailed treatment for SUq(2), Uq(2) and SUq(3).
2.1. We begin with the Lie theory. Consider the Hilbert space L2(G) and let G act on it
from the left. Then L2(G) decomposes into irreducible components so that by Peter-Weyl theorem
C[G] =
⊕
λ∈P+
V ∗λ ⊗ Vλ is a dense subset in L2(G).
Let cl(g) be the Clifford algebra affiliated with the vector space g and the Killing form. Let
γ : g→ cl(g) denote the canonical embedding satisfying γ(x)2 = (x, x)1. There exists a Lie algebra
homomorphism a˜d : g→ cl(g) so that
γ([x, y]) = [a˜d(x), γ(y)] (1)
which is given by
x 7→ a˜d(x) := 1
4
∑
k
γ(xk)γ([x, xk]) ∈ cl(g).
Fix an irreducible representation (Σ, s) for cl(g). (Σ, s) is called a spinor module.
Fix a basis {xi} for the Lie algebra g so that (xi, xj) = −δij . The classical Dirac operator is
defined by
D =
∑
k
(xk ⊗ γ(xk) + 1
2
⊗ γ(xk)a˜d(xk)) ∈ U(g)⊗ cl(g) (2)
The Hilbert space of square integrable sections of the spin bundle can be identified with L2(G)⊗Σ.
The left action ∂ of U(g) on L2(G) makes D := (∂ ⊗ s)D an unbounded self adjoint operator on
L2(G) ⊗ Σ. The Dirac operator is equivariant because it commutes with the image of the Lie
algebra homomorphism g → g ⊗ cl(g) defined by x 7→ x′ ⊗ a˜d(x′′). This is the case because the
generators of g and cl(g) are covariant under the adjoint action of g.
2.2. Geometric Dirac Operator. This operator is defined in [21] and its properties has
been studied in [22, 23]. The term geometric here refers to the fact that the operator is suitable to
define a geometric model for any quantum group deformation of a simple, simply connected and
compact Lie group. We shall return to the geometric consideration in chapter 3.
Let D be a classical Dirac operator on G. For each λ ∈ P+ fix a representation of U(g) and
Uq(g), a ∗-isomorphism φ : W ∗(Gq) → W ∗(G) together with a unitary twist F compatible with
the isomorphism. Define the geometric Dirac operator on Gq by
Dq = (φ−1 ⊗ id)
(
(id⊗ a˜d)(F )D(id ⊗ a˜d)(F ∗)
)
∈ U(Gq)⊗ cl(g).
D acts on the Hilbert space L2(Gq)⊗ Σ by
Dq = (∂ ⊗ s)Dq.
This operator is unitarily equivalent to the classical Dirac operator and therefore it has the same
spectrum. Dq is an unbounded and selfadjoint operator on L
2(Gq) ⊗ Σ. Let x ∈ W ∗(Gq) act on
L2(Gq) ⊗ Σ by x 7→ ∂(x′) ⊗ s(a˜d ◦ φ(x)). Using the corresponding property of the clasical Dirac
operator it is straightforward to check that Dq commutes with this action.
2.3. Algebraic Dirac Operator. This approach presented in [11] is based on creating
algebras Lq(g) ⊂ Uq(g) and clq(g) ⊂ B(Σ) which transform covariantly under the adjoint action
of the Hopf algebra Uq(g). Then we can fix a suitable element in Uq(g) ⊗ clq(g) which spans a
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singlet for the adjoint action and as a Hilbert space operator commutes with the representation of
the symmetry algebra Uq(g) on L
2(Gq)⊗ Σ.
Consider the adjoint representation (Vq,ρ, πq,ρ) of Uq(g). Fix a basis {|ρ, n〉 : n ∈ I} of Vq,ρ and
an orthonormal dual basis {〈ρ,m| : m ∈ I} of V ∗q,ρ. The vector Ω =
∑
n |ρ, n〉 ⊗ 〈ρ, n| spans the
singlet of Vq,ρ ⊗ V ∗q,ρ, i.e.
(πq,ρ ⊗ π∗q,ρ)(△q(x))Ω = ǫq(x)Ω,
for all x ∈ Uq(g). We would like to map Ω onto Lq(g) ⊗ clq(g) ⊂ Uq(g) ⊗ B(Σ) by a module
isomorphism and define the Dirac operator in its image.
We first define the covariant algebra clq(g). In order to do this we explain the structure of the
irreducible representations of cl(g). Consider the Clifford algebra cl(g) and let (Σ, s) be a spinor
module and s(a˜d) the representation of g on Σ. The image of the embedding γ : g → cl(g) forms
an adjoint g-module by (1). Denote by Ψ the vector space s(γ(g)) ⊂ B(Σ). Ψ spans an adjoint
g-module under the action
x
ad
⊲ Y = [s(a˜d(x)), Y ], (3)
for x ∈ g, Y ∈ Ψ. We equip the tensor product B(Σ) ⊗ B(Σ) with a structure of g module by
applying the coproduct with the action (3). The multiplication m : B(Σ) ⊗ B(Σ) → B(Σ) is a
module homomorphism. If (Ψ ⊗ Ψ)+ ⊂ Ψ ⊗ Ψ denotes the reducible submodule spanned by the
symmetric tensor products, then m defines a homomorphism (Ψ⊗Ψ)+ → C because Ψ is spanned
by cl(g) representation matrices. As an algebra Ψ generates B(Σ). In terms of representation
theory this has the following explanation. The module homomorphism m can be applied in Ψ to
create new submodules of B(Σ). Then the vector space Ψ⊕m(Ψ⊗Ψ) spans a reducible subspace
of B(Σ). If this space is not isomorphic to B(Σ) we need to apply m again in it to create new
submodules. After finite steps the morphism m will create each irreducible component of B(Σ).
Recall that for q = eipih with h ∈ C − Q∗ the category of finite dimensional Uq(g)-modules,
C(g, q), is equipped with a monoidal operation making it a braided monoidal category. The
monoidal operation is the tensor product of modules and braiding can be defined using the R-
matrix. The Drinfeld category, D(g, q), is a category of finite dimensional g-modules. The stan-
dard tensor product with associativity morphism defined by the Drinfeld’s associator ΦKZ defines a
braided monoidal structure. There is a C-linear braided monoidal equivalence between the catories
C(g, q) and D(g, q), [16],[17],[20]. The modules with the same highest weights in C(g, q) and D(g, q)
correspond to each other under the equivalence. The categoties C(g, q) and D(g, q) are also rigid.
Especially the dual modules provide the dual objects.
In a rigid monoidal category there is a morphism evX : X
∗ ⊗ X → 1 for each object X . In
the categories C(g, q) and D(g, q) these morphisms coincide, up to a multiplicative constant, with
the standard basis independent pairing X∗ ⊗ X → 1 of the category of vector spaces [20]. Let
F : D(g, q) → C(g, q) denote the category equivalence which is also a functor of rigid monoidal
categories. Then we have a morphism F (evX) : F (X
∗)⊗ F (X)→ 1. There is a unique morphism
α : F (X∗)→ F (X)∗ so that
F (evX) = evF (X) ◦ (α⊗ id) : F (X∗)⊗ F (X)→ 1.
Since F is a functor between rigid monoidal categories α is an isomoprhism [8] (Proposition 1.9.).
The modules F (X∗) and F (X)∗ are isomorphic. Therefore evF (X) can be considered as a map
F (X∗) ⊗ F (X) → 1 and then F (evX) and evF (X) coincide, up to a multiplicative constant, in
C(g, q). If (X, πq) is in C(g, q) we consider B(X) as a module with the usual action
x
ad
⊲ q Y := πq(x
′)Y πq(Sq(x
′′))
for all x ∈ Uq(g), Y ∈ B(X). The matrix multiplication m : B(X) ⊗ B(X) → B(X) defines a
module homomorphism in C(g, q) and D(g, q) and the equivalence of monoidal categories implies
that its domain B(X) ⊗ B(X) has the same decomposition into irreducible components in both
categories. Since B(X) ≃ X⊗X∗ we can write m = id⊗ evX ⊗ id. Then F (m) = id⊗F (evX)⊗ id
coincides with the multiplication morphism m in C(g, q) up to a constant. From the equiva-
lence of categories we know that the irreducible components of m(B(X) ⊗ B(X)) in D(g, q) and
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F (m)(F (B(X))⊗ F (B(X))) in C(g, q) are the same. The objects F (B(X)) can be identified with
B(X) but it is understood to carry a representation of Uq(g). We conclude that the domain
B(X) ⊗ B(X) and the image m(B(X) ⊗ B(X)) have the same decomposition into irreducible
components in both categories D(g, q) and C(g, q).
Let Σ in C(g, q) correspond to the spinor module under the category equivalence. From the
module B(Σ) in C(g, q) we can pick a component Ψq which corresponds to the component Ψ in
D(g, q) and m : (Ψq ⊗ Ψq)+ → 1 is onto where (Ψq ⊗ Ψq)+ ⊂ Ψq ⊗ Ψq has the same isotypic
components as (Ψ⊗Ψ)+ has in D(g, q). We denote by clq(g) the associative algebra generated by
Ψq. Again the multiplication morphism can be applied to generate the endomorphism algebraB(Σ)
from the subspace Ψq because the image of m has the same components as in D(g, q). Therefore
clq(g) is the algebra B(Σ). We shall demonstrate how to find the covariant generators for clq(g)
in the cases g = su2 and g = su3 below. Since V
∗
q,ρ ≃ Vq,ρ we can fix a module isomorphism
σ : V ∗q,ρ → Ψq.
Next we recall that there exists a subspace, Lq(g) ⊂ Uq(g), called a quantum Lie algebra which
transforms covariantly under the adjoint action of Uq(g) on itself
x
ad
◮ y = x′′yS(x′).
This action is actually an opposite adjoint action, however, it is exactly what we need to make the
Dirac operator equivariant, see [11]. Furthermore Lq(g) reduces to g in the classical limit q → 1.
For construction see [9]. Denote by θ : Vq,ρ → Lq(g) a module isomorphism.
The Dirac operator is defined by
D′q = (θ ⊗ σ)Ω ∈ Uq(g)⊗ clq(g),
This operator commutes with the image of the homomorphism x 7→ (id ⊗ πq)△q(x), see [11]. We
can define a Hilbert space operator by setting
Dq = (∂ ⊗ id)D′q
which is an equivariant self adjoint operator on L2(Gq)⊗ Σ.
2.4. Dirac Operators on SUq(2). Let us choose the generators {j±, j0} of su2 so that
[j0, j±] = ±j±, [j+, j−] = 2j0, C = j+j− + j0(j0 + 1) := j(j + 1)
where the Casimir operator C is also given. The irreducible representations {(Vl, πl) : l ∈ 12N0}
are given by
πl(j±)|l,m〉 =
√
l(l + 1)−m(m± 1)|l,m± 1〉, πl(j0)|l,m〉 = m|l,m〉.
where the basis is chosen by {|l,m〉 : −l ≤ m ≤ l} for each Vl. The Killing form is normalized so
that the vectors
x1 = j+ + j−, x2 = −i(j+ − j−), x3 = 2j0
form an orthonormal basis of g. The representations of the algebras cl(su2) and su2 on Σ = V 1
2
are
s : γ(xi) 7→ π 1
2
(xi), a˜d(xi) 7→ π 1
2
(xi).
The classical Dirac operator (2) corresponding to these choices is defined by
D = (∂ ⊗ s)D = 2∂
(
j0 j−
j+ −j0
)
+
3
2
1. (4)
D acts on L2(SU(2))⊗ V 1
2
.
Fix the unitary representations (Vq,l, πq,l) of Uq(su2) by
πq,l(k)|l,m〉 = qm|l,m〉
πq,l(e)|l,m〉 =
√
[l −m][l +m+ 1]|l,m+ 1〉
πq,l(f)|l,m〉 =
√
[l −m+ 1][l +m]|l,m− 1〉
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for all l ∈ 12N0 where [n] := (qn−q−n)(q−q−1)−1. Choose an algebra ∗-isomorphism φl : B(Vq,λ)→
B(Vλ) for each l ∈ P+ by (cf. [5])
φl(πq,l(e)) =
√
[πl(j)− πl(j0) + 1][πl(j) + πl(j0)]
πl(j)(πl(j) + 1)− πl(j0)(πl(j0)− 1)πl(j+)
φl(πq,l(f)) =
√
[πl(j)− πl(j0)][πl(j) + πl(j0) + 1]
πl(j)(πl(j) + 1)− πl(j0)(πl(j0) + 1)πl(j−), φl(πq,l(k)) = q
pil(j0).
These define a ∗-isomorphism φ :W ∗(Gq)→W ∗(G) and we fix a unitary twist F compatible with
φ. We have πl ◦ φ = πq,l for each l.
For now we set the constant operator (3/2)1 in (4) to zero and denote by D˜q the geometric
Dirac operator without this constant term: Dq = D˜q + (3/2)1. In the present example we have
s(γ(xi)) = s((a˜d)(xi)) = π 1
2
(xi) for all xi ∈ g. It was noted in [21] that in this case we can use the
relation
(φ⊗ φ)(R∗R) = FqTF ∗, T :=
∑
k
xk ⊗ xk
to write
qD˜q = (∂ ◦ φ−1 ⊗ π 1
2
)(FqTF ∗) = (∂ ⊗ πq, 1
2
)(R∗R)
= ∂
[(
k2 0
0 −k2
)
+ (q − q−1)
(
(1 − q−2)fe q− 12 fk−1
q−
1
2 k−1f 0
)]
.
An explicit formula for the R-matrix used in the calculation can be found from [14]. The relation
s ◦ γ = s ◦ a˜d does not hold for a general g and more advanced methods are needed in order to find
an explicite formula.
The algebraic operator on SUq(2) was constructed in [11]. Now (Σ, πq) is (Vq, 1
2
, πq, 1
2
). The
adjoint representation of Uq(su2) is (Vq,1, πq,1). As a module we have
B(Σ) = Vq,1 ⊗ V ∗q,1 ≃ Vq,1 ⊗ Vq,1 ≃ Vq,0 ⊕ Vq,1 ⊕ Vq,3.
Therefore the adjoint representation Vq,1 ⊂ B(Σ) does not have multiplicities and its generators
span the covariant module algebra Ψq which generates the algebra clq(su2). The highest weight
condition gives immediately the following basis for Ψq which is unique up to scaling
s(ψ1) =
(
0
√
q
0 0
)
, s(ψ0) = − 1√
[2]
(
q−1 0
0 −q
)
, s(ψ−1) =
(
0 0
−
√
q−1 0
)
.
It is straightforward to check that m : Ψq,+ = V3 ⊕ V0 → C holds and the q-deformed Clifford
relations are
ψq,1ψq,1 = ψq,−1ψq,−1 = 0
q−1ψq,1ψq,0 + qψq,0ψq,1 = 0
q−2ψq,1ψq,−1 + [2]ψq,0ψq,0 + q
2ψq,−1ψq,1 = 0
ψq,0ψq,−1 + q
2ψq,−1ψq,0 = 0
ψq,1ψq,−1 + ψq,−1ψq,1 = −1,
where ψq,i = |1, i〉 ∈ B(Σ).
The isomorphism V → L(su2) is defined by
θ(|1, 1〉) = k−1e, θ(|1, 0〉) = 1√
[2]
(q−1fe− qef), θ(|1,−1〉) = −k−1f.
Therefore we find the following Dirac operator
Dq = ∂
(
ef − q−2fe q− 12 [2]k−1f
q
1
2 [2]k−1e −q2ef + fe
)
.
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There is a fundamental relationship between the geometric and algebraic approach
Dq = [D˜q] =
qD˜q − q−D˜q
q − q−1
which can be checked by using the formula q−D˜q = (∂⊗πq, 1
2
)(R−1(R∗)−1). This explains the very
different spectral behaviours of these operators.
2.5. Geometric Dirac Operator on Uq(2). The Lie algebra u2 is spanned by xi (0 ≤ i ≤ 3)
so that x0 is central and x1, x2, x3, defined as above, span the subalgebra su2. Let us fix the
normalization of the nondegenerate bilinear form so that these xi form an orthonormal basis. The
irreducible finite dimensional representations are parametrized by the pairs (l, c) where l is the
highest weight of the subalgebra su2 and c fixes the action of the center. Furthermore, l and c are
both integers or both half integers. Denote by P+ the set of such pairs.
The q-deformed algebra Uq(u2) is defined by adding the linearly independent generators ξ1, ξ
−1
1 , ξ2
and ξ−12 to the algebra Uq(su2) so that k = ξ1ξ
−1
2 and the element ξ1ξ2 is central. The extension
of the Hopf structure is defined by
△q(ξi) = ξi ⊗ ξi, Sq(ξi) = ξ−1i , ǫq(ξi) = 1, i = 1, 2.
Since Uq(u2) differs from Uq(su2) only by an element in the center, the twist F is defined as in the
case Uq(su2). Again the highest weight modules are parametrized by the pairs (l, c) ∈ P+ (both
integers or half integers) where l is the highest weight of the subalgebra Uq(su2) and the central
element ξ1ξ2 acts by q
c.
The Clifford algebra cl(u2) has a four dimensional irreducible representation Σˆ given by
s(γ(x0)) =
(
0 1
1 0
)
, s(γ(xn)) = i
(
0 π 1
2
(xn)
−π 1
2
(xn) 0
)
, 1 ≤ n ≤ 3.
The corresponding representation s(a˜d) of u2 has two irreducible components Σˆ = V
+
( 1
2
,0)
⊕ V −
( 1
2
,0)
s(a˜d(x0)) = 0, s(a˜d(jx)) =
(
π 1
2
(jx) 0
0 π 1
2
(jx)
)
, x ∈ {±, 0},
where we have fixed the action of the center to be zero. Therefore, if we denote by D and Dq the
Dirac operators on SU(2) and SUq(2) we get
Dˆ =
(
0 iD + ∂(x0)
−iD + ∂(x0) 0
)
, Dˆq =
(
0 iDq + ∂(x0)
−iDq + ∂(x0) 0
)
.
We return to this construction in Chapter 3.
2.6. Algebraic Dirac Operator on SUq(3). An irreducible representation (Σ, s) of cl(su3)
is 16-dimensional and (Σ, s(a˜d)) splits into two components, Σ+ and Σ−, both isomorphic to the
adjoint representation (Vρ, πρ). The basis of Σ := Σ+⊕Σ− can be chosen so that the representations
are of the form
s(a˜d)(x) =
(
πρ(x) 0
0 πρ(x)
)
, s(γ(xi)) =
(
0 ψ+i
ψ−i 0
)
for all x ∈ su3 and for all generators γ(xi) of cl(su3). The off diagonal operators ψ±i : Σ∓ → Σ±
transform covariantly as an adjoint representation under the action (x, ψ±i ) 7→ [πρ(x), ψ±i ].
The deformed representations preserve the structural zeros and therefore we can assume that
the representation of Uq(su3) and the covariant space Ψq are operators on Σ of the form
πq(x) =
(
πq,ρ(x) 0
0 πq,ρ(x)
)
, ψq,i =
(
0 ψ+q,i
ψ−q,i 0
)
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We use the Gelfand-Tsetlin basis for the representation πq,ρ, i.e.,
πq,ρ(e1) = e12 +
√
[2]e35 +
√
[2]e56 + e78,
πq,ρ(e2) = e13 +
√
[3]/[2]e24 + (
√
[2])−1e25 +
√
[3]/[2]e47 + (
√
[2])−1e57 + e68,
πq,ρ(k1) = q
1
2 e11 + q
− 1
2 e22 + qe33 + e44 + e55 + q
−1e66 + q
1
2 e77 + q
− 1
2 e88,
πq,ρ(k2) = q
1
2 e11 + qe22 + q
− 1
2 e33 + e44 + e55 + q
1
2 e66 + q
−1e77 + q
− 1
2 e88,
πq,ρ(f1) = (πq,ρ(e1))
†, πq,ρ(f2) = (πq,ρ(e2))
†.
The adjoint action of Uq(su3) on Ψq ⊂ B(Σ) is given as
x
ad
⊲ q ψq,i =
 0 πq,ρ(x) ad⊲ q ψ+q,i
πq,ρ(x)
ad
⊲ q ψ
−
q,i 0
 . (5)
In order to make ψq,i : 1 ≤ i ≤ 8 covariant under (5) we need to make the off diagonal operators
ψ±q,i covariant under the representation
(x, ψ±q,i) 7→ πq,ρ(x)
ad
⊲ q ψ
±
q,i = πq,ρ(x
′)ψ±q,iπq,ρ(Sq(x
′′)).
As a module, the spaces of off diagonal opearators are of the form Vq,ρ ⊗ V ∗q,ρ ≃ Vq,ρ ⊗ Vq,ρ. The
tensor product has a reduction into irreducible components
Vq,ρ ⊗ Vq,ρ ≃ Vq,2ρ ⊕ Vq,0 ⊕ 2Vq,ρ ⊕ Vq,ρ+ξ1−ξ2 ⊕ Vq,ρ+ξ2−ξ3 , (6)
where we have written the simple roots by αi = ξi − ξi+1 : 1 ≤ i ≤ 2. Since the adjoint represen-
tation occurs with a multiplicity two in (6) this condition does not fix the operators even up to a
multiplicative constant. A general form for the covariant operators is
ψ±q,1 = e14 + b±e15 + q
− 1
2
√
[2]b±e26 + (
√
q[2])−1(b± +
√
[3])e37
+ (q[2])−1(
√
[3]b± − 1)e48 + (q[2])−1(
√
[3] + b±)e58
ψ±q,2 = −q−3/2
√
[2]b±e13 + e24 − q−2b±e25 − (q2[2])−1(
√
[3]b± − 1)e47
+ ([2])−1(
√
[3] + b±)e57 + (
√
q[2])−1(
√
[3] + b±)e68
ψ±q,3 = −(
√
q3[2])−1(
√
[3] + b±)e12 − (q[2])−1(q−2 +
√
[3]b±)e34 + (q[2])
−1(q2b± −
√
[3])e35
+ ([2])−1(q−2 +
√
[3]b±)e46 + ([2])
−1(b± − q−2
√
[3])e56 + q
− 1
2
√
[2]b±e78
ψ±q,4 = (q
3[2])−1(
√
[3]b± − 1)e11 + (q3[2])−1(
√
[3]b± − 1)e22 − (q3[2])−1(1 + q2
√
[3]b±)e33
+ (1− (q3[2])−1(1−
√
[3]b±))e44 − (q3[2])−1(1 + q2
√
[3]b±)e55
− (q3[2])−1(1 + q2
√
[3]b±)e66 + e77 + e88
ψ±q,5 = (q
3[2])−1(b± +
√
[3])e11 − (q[2])−1(b± +
√
[3])e22 − (q3[2])−1(q2b± −
√
[3])e33
− (q3[2])−1(q2
√
[3]b± + 1)(e45 + e54) + ([2])
−1(q − q−1)(b± − q−2
√
[3])e55
+ (q[2])−1(q2b± −
√
[3])e66 − q−2b±e77 + b±e88
ψ±q,6 = (q
5/2
√
[2])−1(
√
[3] + b±)e21 + (q
4[2])−1(q2
√
[3]b± + 1)e43 + (q
2[2])−1(
√
[3]− q2b±)e53
− (q3[2])−1(q2
√
[3]b± + 1)e64 + (q
3[2])−1(
√
[3]− q2b±)e65 − q−3/2
√
[2]b±e87
ψ±q,7 = q
−5/2
√
[2]b±e31 − q−1e42 + q−3b±e52 + (q3[2])−1(
√
[3]b± − 1)e74
− (q[2])−1(
√
[3] + b±)e75 − (q3/2
√
[2])−1(
√
[3] + b±)e86
ψ±q,8 = q
−2e41 + q
−2b±e51 + q
−5/2
√
[2]b±e62 + (q
5/2
√
[2])−1(
√
[3] + b±)e73
+ (q3[2])−1(
√
[3]b± − 1)e84 + (q3[2])−1(
√
[3] + b±)e85
where b± are free complex parameters. The operators ψ
±
q,i are considered as 8× 8 matrices which
live in the off diagonal blocks of 16× 16 matrices. We have fixed the scaling.
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Denote by Ψq the vector space spanned by the operators ψq,i : 1 ≤ i ≤ 8. Ψq is an adjoint
module under the action (5). Also the tensor product Ψq ⊗ Ψq reduces according to (6). The
module isomorphic to Vq,2ρ in Ψq ⊗Ψq reduces to a symmetric module in the classical case q = 1.
The vector ψq,1 ⊗ ψq,1 is the highest weight vector. The condition
m : ψq,1 ⊗ ψq,1 7→ ψq,1ψq,1 = 0
leads to the constraint
b− =
1−
√
[3]b+√
[3] + b+
.
Then the covariance implies that Ψq ⊗Ψq ⊃ Vq,2ρ ⊂ Ker(m).
Another irreducible component of 2Vq,ρ ⊂ Ψq ⊗ Ψq reduces to a symmetric module for q = 1.
Up to scaling a highest weight vector of an adjoint module in Ψq ⊗Ψq is of the form
ωρ(b+, z) = (
√
[3])−1(q3[2]z − 1)ψq,1 ⊗ ψq,4 + (
√
[3])−1(q−3[2]− z)ψq,4 ⊗ ψq,1
+ ψq,1 ⊗ ψq,5 + zψq,5 ⊗ ψq,1 − q−3/2
√
[2]ψq,2 ⊗ ψq,3 − q3/2
√
[2]zψq,3 ⊗ ψq,2.
where z ∈ C is arbitrary. The condition m : ωρ(b+, z) 7→ 0 leads to the following solutions for z
and b+
z′ =
q6 + q2 + 1
(q6 + q4 + 1)q4
, b′+ =
q2 − 1± q[2]
√
−[3]
2q2
√−[3]
and
z′′ =
q6 + q4 + 1
(q6 + q2 + 1)q2
, b′′+ =
−q2 + 1± q[2]√−[3]
2
√
−[3] .
In the classical case q = 1 we could only have one possible value for z, namely z = 1, which
would give the highest weight vector for the symmetric component of 2Vρ. We would get two
isomorphic irreducible cl(su3) modules. In the q-deformed case all the four possibilities reduce
to these classical cases and therefore doubles the number of choices for the basis of the covariant
generators. However, the algebras these generate are isomorphic.
Finally we need to consider the trivial module V0 ⊂ Ψq ⊗ Ψq which is the last submodule to
study that reduces to a symmetric module for q → 1. V0 is spanned by
ω0 = q
2ψq,1 ⊗ ψq,8 + q−2ψq,8 ⊗ ψq,1 − qψq,2 ⊗ ψq,7 − q−1ψq,7 ⊗ ψq,2
− qψq,3 ⊗ ψq,6 − q−1ψq,6 ⊗ ψq,3 + ψq,4 ⊗ ψq,4 + ψq,5 ⊗ ψq,5
We have
m(ω0) =
[4](2b+ + (1− b2+)
√
[3])
q3(b+ +
√
[3])
1.
Therefore we have found the covariant generators Ψq and the algebra clq(su3). To write down a
formula for the Dirac operator one needs a quantum Lie algebra. An explicit construction can be
found in [9].
3 Spectral Geometry
3.1. A unital spectral triple (A,D,H) consists of the following pieces of data: a unital associative
∗-algebra A with a faithful ∗-representation ρ on a separable Hilbert space H. The operator D is
an unbounded self-adjoint operator with a dense domain in H such that [D, ρ(t)] defined in the
domain of D extends to an bounded operator on H for all t ∈ A. The dimension of a spectral
triple is the smallest integer so that (1 + D2)−
n
2 ∈ L1+(H) (The first Dixmier ideal). In the
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even dimensional case, there exists a chirality operator γ ∈ B(H) satisfying: γD + Dγ = 0 and
[γ, ρ(t)] = 0 for all t ∈ A.
In the quantum group model under consideration we choose A = C[Gq]. We use the Haar
state to complete A ⊗ Σ to a Hilbert space H and the GNS construction gives us a faithtul ∗-
representation of C[Gq] on H. There exists a natural action of both Dirac operators Dq and Dq
on H. We recall the following theorem from [21].
Theorem. Let G denote a simple, simply connected and compact Lie group. Then (C[Gq ], Dq,H)
is a spectral triple whose dimension matches with the dimension of the Lie group G. There exists
an explicit formula for the chirality γ.
Smoothness of a noncommutative space is described by a property called regularity. Denote
δ : ρ(t) 7→ [|D|, ρ(t)]. A spectral triple is regular if the algebra generated by ρ(t), [D, ρ(t)] for t ∈ A
is in the domain of δk for each k ≥ 0. It is not known if the geometric spectral triples in the
above theorem satisfy regularity. Besides the axioms given here there are suplementary axioms for
the full description of NC Riemannian spin geometry [4]. However, in the quantum group case all
these cannot be assumed to be fullfilled in their original form, see the discussion of [6].
We first study the spectral triple of SUq(2) with details. It turns out that the isospectral
deformation [6] is, up to one convention, the spectral triple of [21] associated to the Dirac opera-
tor we discussed in chapter 2. The Fredholm modules associated to the Algebraic and geometric
approaches turn out to be homotopic. We use the details of SUq(2) to build spectral triples for
SUq(2)/U(1) and Uq(2). The algebraic approach leads to a 0-summable triple in the first case
whereas the geometric approach leads to a regular 4-dimensional theory in the second case.
3.2. Geometry of SUq(2). We use [6] to construct a Hilbert space H and a faithful repre-
sentation ρ of SUq(2) on H. Let us fix the unitary representations (Vq,l, πq,l) of Uq(su2) as in 2.4.
In the notation of [6] the vector space C[SUq(2)] is considered in the form
C[SUq(2)] =
⊕
l∈ 1
2
N0
Vq,l ⊗ V ∗q,l.
The basis is chosen by
tlm,n = |l,m〉 ⊗ 〈l, n| : l ∈
1
2
N0, −l ≤ m,n ≤ l.
and the coproduct is tlm,n =
∑
k t
l
m,k ⊗ tlk,n. We notice a conceptual difference compared to our
conventions: the second component is treated as a dual meaning that the natural pairing is defined
by
tlm,n(x) = 〈l, n|πq,l(x)|l,m〉,
for all x ∈ Uq(su2) and tlm,n ∈ C[SUq(2)]. However, it is straightforward to apply the general
theory. We just define a natural left action by
∂(x)tlm,n = πq,l(x)|l,m〉 ⊗ 〈l, n|,
or equivalently, ∂(x)t = t′(x)t′′ for all t ∈ C[SUq(2)].
Denote by Cq the unitary Clebsch-Gordan matrices for the representations πq,l so that the
multiplication is derived from the formulas
tlm,nt
l′
m′,n′ =
l+l′∑
p=|l−l′|
Cq
(
l l′ p
m m′ m+m′
)
Cq
(
l l′ p
n n′ n+ n′
)
tpm+m′,n+n′ .
The vector t000 = 1 is the unit vector. The inner product of C[SUq(2)] given by the Haar state is
fixed by
〈tlm,n, tl
′
m′,n′〉 := h((tlm,n)∗tl
′
m′,n′) =
q−2m
[2l+ 1]
δll′δmm′δnn′ .
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Applying the Clebsch Gordan coefficients with the inner product we find the involution
(tlm,n)
∗ = (−1)2l+m+nqn−mtl−m,−n.
Let us fix a = t
1
2
1
2
, 1
2
and b = t
1
2
1
2
,− 1
2
. It follows that a∗ = t
1
2
− 1
2
,− 1
2
and −qb∗ = t
1
2
− 1
2
, 1
2
and
ba = qab, b∗a = qab∗, bb∗ = b∗b, a∗a+ q2b∗b = 1, aa∗ + bb∗ = 1 (7)
determine the algebraic structure. Thus, a and b generate C[SUq(2)] as a ∗-algebra.
The orthonormal basis of the prehilbert space C[SUq(2)] is
|lmn〉 = qm[2l + 1] 12 tlm,n.
Denote by H the Hilbert space completion of C[SUq(2)]⊗Σ, where Σ = Vq, 1
2
. The representation
of Uq(g) onH is defined by x 7→ (∂⊗πq, 1
2
)△q(x). The prehilbert space decomposes into irreducible
components under this action as
(
⊕
l∈ 1
2
N0
Vq,l ⊗ V ∗q,l)⊗ Σ ≃ Vq, 1
2
⊕
⊕
j∈ 1
2
N
(Vq,j+ 1
2
⊗ V ∗q,j)⊕ (Vq,j− 1
2
⊗ V ∗q,j) :=W ↑0 ⊕
⊕
j∈ 1
2
N
W ↑j ⊕W ↓j .
The components W ↑j and W
↓
j have multiplicities (2j+2)(2j+1) and 2j(2j+1). The orthonormal
basis of H is chosen by
|jµn ↑〉, |j′µ′n ↓〉 : j ∈ 1
2
N0, j
′ ∈ 1
2
N, |µ| ≤ j + 1, |µ′| ≤ j − 1, |n| ≤ j (8)
where |jµn ↑〉 ∈ W ↑j and |jµn ↓〉 ∈ W ↓j . This spectral decomposition was also used in [6], where
the Dirac operator on H was fixed from the condition that [D, ρ(x)] is a bounded operator for all
x ∈ C[SUq(2)].
The Dirac operators Dq and Dq defined in 2.4. act on H. It is straightforward to compute
their spectrum on an arbitrary irreducible component of H
Dq|jµn ↑〉 = [2j]|jµn ↑〉
Dq|jµn ↓〉 = [−(2j + 2)]|jµn ↓〉.
and therefore
Dq|jµn ↑〉 = (2j + 3
2
)|jµn ↑〉
Dq|jµn ↓〉 = (−(2j + 2) + 3
2
)|jµn ↓〉.
The operator Dq is exactly the same Dirac operator which was defined in [6].
In [6] a faithful ∗-representation was derived from equivariance conditions with the Uq(su2)
action but it was also noted that the representation coincides with the one coming directly from
the GNS construction. Thus it fits into the general theory [21]. The representaiton has the following
form
ρ(a) := ρ(a+) + ρ(a−), ρ(a
∗) := ρ(a∗+) + ρ(a
∗
−) (9)
ρ(a+)|jµn〉〉 = α+jµn|j+µ+n+〉〉, ρ(a−)|jµn〉〉 = α−jµn|j−µ+n+〉〉
ρ(b+)|jµn〉〉 = β+jµn|j+µ+n−〉〉, ρ(b−)|jµn〉〉 = β−jµn|j−µ+n−〉〉
ρ(b) := ρ(b+) + ρ(b−), ρ(b
∗) := ρ(b∗+) + ρ(b
∗
−)
ρ(a∗+)|jµn〉〉 = α˜+jµn|j+µ−n−〉〉, ρ(a∗−)|jµn〉〉 = α˜−jµn|j−µ−n−〉〉
ρ(b∗+)|jµn〉〉 = β˜+jµn|j+µ−n+〉〉, ρ(b∗−)|jµn〉〉 = β˜−jµn|j−µ−n+〉〉,
|jµn〉〉 :=
(|jµn ↑〉
|jµn ↓〉
)
, j± := j ± 1
2
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where the matrices α±jµn, β
±
jµn, α˜
±
jµn and β˜
±
jµn are defined in [6] (Proposition 4.4.). We found that
the methods of [21] applied to the isomorphism φ defined earlier leads to the model [6]. On the
other hand it is known that a different choice of the isomorpshism φ gives a spectral triple unitarily
equivalent to this one.
Let us now turn the attention into Fredholm modules. Since the operators Dq and D˜q =
Dq − (3/2)1 have nontrivial kernels we define approximated sign operators by
Fq =
Dq
(1 +D2q)
1
2
, Fq =
D˜q
(1 + D˜2q)
1
2
.
Recall that a Fredholm module (A,F,H) is called n-summable if n is the smallest integer so that
the compact operators F 2 − 1 and [F, ρ(t)] are in Ln+(H) for all t ∈ A.
Proposition. The triples (C[SUq(2)],Fq,H) and (C[SUq(2)], Fq ,H) define 1- and 3-summable
Fredholm modules and are homotopy equivalent to each other.
Proof. The triple (C[SUq(2)], Fq,H) is a Fredholm module with summability at most 3 because
it is determined by a 3-dimensional spectral triple. On the other hand the smallest n for which
F 2 − 1 ∈ Ln+(H) is 3. It is shown in [11] that (C[SUq(2)],Fq,H) is a 1-summable Fredholm
module. Following the same lines one checks that the family of Fredholm operators [0, 1]→ B(H)
defined by
0 7→ Fq ,
t 7→ [D˜q]t
(1 + [D˜q]2t )
1
2
, [D˜q]t =
qtD˜q − q−tD˜q
qt − q−t , for t ∈ (0, 1]
together with ρ,C[SUq(2)] and H defines a familily of Fredholm modules and connects the opera-
tors Fq and Fq. 
By the Proposition and discussion above we have found the explicit relationship between the
models [1, 6, 11, 21]. Especially, from the point of view of index theory they all describe the same
element in the K-homology.
3.3. Geometry of S2q . The standard Podles sphere C[S
2
q ] is the fixed point algebraC[SUq(2)]
U(1)
under the left action of the group U(1). The action on the generators is given by
a 7→ eiφa, a∗ 7→ e−iφa, b 7→ eiφb, b∗ 7→ e−iφb∗.
Equivalently we can consider S2q as Uq(h)-invariant subalgebra
C[S2q ] = {t ∈ C[SUq(2)] : ∂(k)t = t}.
Therefore we can choose the generators of C[S2q ] by
A = ab∗, A∗ = ba∗, B = B∗ = bb∗,
which satisfy the algebraic relations
AB = q−2BA, A∗B = q2BA∗, AA∗ = q−2B(1 −B), A∗A = B(1− q2B).
The Hilbert space of the theory is the completion of the invariant subspace of C[SUq(2)] ⊗ Σ
under the left Uq(h)-action
(C[SUq(2)]⊗ Σ)Uq(h) = {Ψ : ∂(k)⊗ id⊗ πq, 1
2
(k)Ψ = Ψ}.
The completion is done with the state which is the restriction of the Haar state on the invariant
subspace. Let us denote by Hh the Hilbert space. The basis is chosen by
|ln+〉 := |l,−1
2
, n〉 ⊗ |1
2
,
1
2
〉, |ln−〉 := |l, 1
2
, n〉 ⊗ |1
2
,−1
2
〉
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for all l ∈ N0 and −l ≤ n ≤ l. The representation ρ of C[SUq(2)] restricts to a faithful ∗-
representation of the subalgebra C[S2q ] on H
h.
We apply the algebraic Dirac operator model here and use the conventions of Section 2.4. Define
Ω′ = pΩ, where p is a projection onto the subspace Vq,ρ/Vq,0 where Vq,0 is the one dimensional
subspace of weight zero vectors in Vq,ρ. Then we define
Dq = (θ ⊗ σ)Ω′ = [2]∂
(
0 q−
1
2 k−1f
q
1
2 k−1e 0
)
= [2]∂
(
0 f
e 0
)
The latter equality can be checked by applying Dq on the basis vectors of H
h. The operator
we have found coincides with the one defined in [7]. The triple (C[S2q ],Dq,H
h) is a 0-summabls
spectral triple. The chirality operator is defined by γ = Diag(1,−1).
3.4. Geometry of Uq(2). Recall that the irreducible representations are parametrized by
(l, c) ∈ P+. The vector space C[Uq(2)] is spanned by
tl,cm,n = |l, c, n〉 ⊗ 〈l, c,m| ∈ Vq,(l,c) ⊗ V ∗q,(l,c)
where (l, c) ∈ P+. The product is determined by the formulas
tl,cm,nt
l′,c′
m′,n′ =
l+l′∑
p=|l−l′|
Cq
(
l l′ p
m m′ m+m′
)
Cq
(
l l′ p
n n′ n+ n′
)
tp,c+c
′
m+m′,n+n′ ,
where the Cq are the Clebsch-Gordan coefficients of Uq(su2). The unit is 1 = t
0,0
0,0. As a ∗-algebra
C[Uq(2)] is generated by
a = t
1
2
, 1
2
1
2
, 1
2
, b = t
1
2
, 1
2
1
2
,− 1
2
, C = t0,10,0.
a and b satisfy (7) and C has the properties
Ctl,cm,n = t
l,c+1
m,n , C
∗ = t0,−10,0 , Ct = tC,
for all t ∈ C[Uq(2)].
Denote by h the Haar state of C[SUq(2)]. We extend this to the Haar state of C[Uq(2)] by
hˆ(tl,cm,n) = δc,0h(t
l
m,n).
It is left invarint (hˆ⊗ id)(△q(t)) = hˆ(t)1 for all t ∈ Cq[U(2)]. The involution is given by (tl,cm,n)∗ =
(−1)2l+m+nqn−mtl,−c−m,−n. Furthermore,
||tl,cm,n||2 = hˆ((tl,cm,n)∗tl,cm,n) = h((tlm,n)∗tlm,n),
which vanishifs if and only if tlm,n = 0. Thus, the Haar state hˆ is faithful. Let L
2
q(U(n)) be the
Hilbert space completion. The orthonormal basis is defined by
|lmnc〉 = qm[2l + 1] 12 tl,cm,n.
Recall that the spinor module is Σˆ ≃ V +
q,( 1
2
,0)
⊕V −
q,( 1
2
,0)
. We define subspaces W ↑j,c,± and W
↓
j,c,±
so that the decomposition onto irreducible components under the left action is
(Vq,(j,c) ⊗ V ∗q,(j,c))⊗ V ±q,( 1
2
,0)
≃ (V ±
q,(j+ 1
2
,c)
⊗ V ∗q,(j,c))⊕ (V ±q,(j− 1
2
,c)
⊗ V ∗q,(j,c))
=W ↑j,c,± ⊕W ↓j,c,±
and then the Hilbert space decomposes into irreducible compenents by
Ĥ = L2(Uq(2))⊗ Σˆ =
⊕
c
(
W ↑0,c,+ ⊕W ↑0,c,− ⊕
∞⊕
j∈ 1
2
N
W ↑j,c,+ ⊕W ↓j,c,+ ⊕W ↑j,c,− ⊕W ↓j,c,−
)
.
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Now the sum over c is defined so that c runs over half integers for each integer j and over integers
for each half integer j. We can fix an orthonormal basis
|jµn ↑ c±〉, |j′µ′n ↓ c±〉 : j, j′, µ, µ′, n, c
so that j, j′, µ, µ′ and n are restricted as in (8). Let us adopt a column vector notation
|jµnc〉〉 =

|jµn ↑ c+〉
|jµn ↓ c+〉
|jµn ↑ c−〉
|jµn ↓ c−〉
 = (|jµnc+〉〉|jµnc−〉〉
)
The algebra of functions has a diagonal action on H
ρˆ(t)|jµnc〉〉 =
(
ρ(t) 0
0 ρ(t)
)
|jµn, c+ 1
2
〉〉, ρˆ(t∗)|jµnc〉〉 =
(
ρ(t∗) 0
0 ρ(t∗)
)
|jµn, c− 1
2
〉〉
where for t = a, b and the representation ρ(t) is independent of the parameters c,± and given as
in (9) whereas the generator C acts by
ρˆ(C)|jµnc〉〉 = |jµn, c+ 1〉〉, ρˆ(C∗)|jµnc〉〉 = |jµn, c− 1〉〉.
Recall that the geometric Dirac operator Dˆq has the following form
Dˆq|jµnc〉〉 =
(
0 iDq + ∂(x0)
−iDq + ∂(x0) 0
)
|jµnc〉〉
where Dq is the Dirac operator on SUq(2). The absolute value operator and the chirality are
defined by
|Dˆq| =
(
(D2q + ∂(x0)
2)
1
2 0
0 (D2q + ∂(x0)
2)
1
2
)
, γ =
(
1 0
0 −1
)
The chirality satisfies γDˆq + Dˆqγ = 0, γ
2 = 1, γ = γ∗ and [γ, ρˆ(t)] = 0 as it should in a
4-dimensional model.
We define following projection operators
Pˆ ↑ =
(
P ↑ 0
0 P ↑
)
, Pˆ ↓ =
(
P ↓ 0
0 P ↓
)
where P ↑ and P ↓ are projection operators onto positive and negative eigenspaces for Dq.
Proposition. The triple (C[Uq(2)], Dˆq, γ,H) is an even and regular 4-dimensional spectral triple.
Proof. The dimensionality is true by construction. We need to check that [Dˆq, ρˆ(t)] is bounded for
each t ∈ C[Uq(2)]. It is sufficient to prove this for the generators. We have
[Dˆq, ρˆ(t)] =
(
0 i[Dq, ρ(t)]
−i[Dq, ρ(t)] 0
)
+
(
0 [∂(x0), ρ(t)]
[∂(x0), ρ(t)] 0
)
and the first term is bounded by the SUq(2) theory and the second term is bounded because
[∂(x0), ρ(t)] =
1
2ρ(t) if t = a, b. Furthremore,
[Dˆq, ρˆ(C)] =
(
0 1
1 0
)
ρˆ(C)
is bounded.
To prove the regularity we need to show that the operators δk(ρˆ(t)) and δk([Dˆq, ρˆ(t)]) are
bounded for each k ∈ N. Since δ is a derivation it is enough to check this for the generators. It is
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known that the off diagonal operators (wrt. the polarization into positive and negative eigenspaces)
P ↑ρ(t)P ↓ and P ↓ρ(t)P ↑ are given by rapidly decaying sequances for any t = a, b. Consequently
δp(P ↑ρ(t)P ↓) and δp(P ↓ρ(t)P ↑) are bounded and even trace class because of the polynomial growth
of the eigenvalues of Dq. Let t± = a± or b±, recall (9). Then
δp(ρˆ(t+))|jµnc〉〉 ≈
[
(nj+ 1
2
,c+ 1
2
− nj,c)pP ↑ρˆ(t+)P ↑ + (nj,c+ 1
2
− nj− 1
2
,c)
pP ↓ρˆ(t+)P
↓
]
|jµnc〉〉,
δp(ρˆ(t−))|jµnc〉〉 ≈
[
(nj− 1
2
,c+ 1
2
− nj,c)pP ↑ρˆ(t−)P ↑ + (nj−1,c+ 1
2
− nj− 1
2
,c)
pP ↓ρˆ(t−)P
↓
]
|jµnc〉〉,
δp(ρˆ(C))|jµnc〉〉 ≈
[
(nj,c+1 − nj,c)pP ↑ρˆ(C)P ↑ + (nj− 1
2
,c+1 − nj− 1
2
,c)
pP ↓ρˆ(C)P ↓
]
|jµnc〉〉
where the symbol ≈ means that the equality holds modulo trace class contributions. The constants
are defined by
nj,c =
√
(2j + 3/2)2 + c2.
The functions such as nj+ 1
2
,c+ 1
2
− nj,c above are bounded for all values of j, c. The operators
P ↑ρˆ(t)P ↑ and P ↓ρˆ(t)P ↓ in the formulas above are bounded by the SUq(2) theory and therefore
δp(ρˆ(t)) is bounded for any p and t = a, b, C. Finally, applying δ([Dˆq, ρˆ(t)] = [Dˆq, δ(ρˆ(t))] and
consequently δp([Dˆq, ρˆ(t)] = [Dˆq, δ
p(ρˆ(t))] with the above operators one can immediately check
that δp([Dˆq, ρˆ(t)] is bounded for any t = a, b, C. Therefore the spectral triple is regular. 
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